This paper deals with quantum fluctuations near the classical instanton configuration. Feynman diagrams in the instanton background are used for the calculation of the tunneling amplitude (the instanton density) in the three-loop order for quartic double-well potential. The result for the threeloop contribution coincides in five significant figures with one given long ago by J. Zinn-Justin.
Introduction
There is no question that instantons [1] , Euclidean classical solutions of the field equations, represent one of the most beautiful phenomena in theoretical physics [2] - [3] . Instantons in non-Abelian gauge theories of the QCD type are important component of the non-perturbative vacuum structure, in particular they break chiral symmetries and thus significantly contribute to the nucleon (and our) mass [4] . Instantons in supersymmetric gauge theories lead to derivation of the exact beta function [5] , and in the "Seiberg-Witten" N =2 case to derivation of the super potential by the exact evaluation of the instanton contributions to all orders [6] . The instanton method now has applications in stochastic settings beyond quantum mechanics or field theories, and even physics -in chemistry and biologysee e.g. discussion of its usage in the problem of protein folding in [7] .
Since the work by A. Polyakov [1] the problem of a double well potential (DWP) has been considered as the simplest quantum mechanical setting illustrating the role of instantons in more complicated quantum field theories. In the case of the DWP one can perform certain technical tasks -like we do below -which so far are out of reach in more complicated/realistic settings. Therefore, one reason to study the DWP is pedagogical or technical.
Another reason to study DWP is existing deep connections between the quantum mechanical instantons -via Schrödinger equation -with wider mathematical issues, of approximate solutions to differential equations, defined in terms of certain generalized series. A particular form of an exact quantization condition was conjectured by Zinn-Justin [12] , which links series around the instantons with the usual perturbative series in the perturbative vacuum.
Unfortunately, no rigorous proof of such a connection exist, and it remains unknown if it can or cannot be generalized to the field theory cases we are mainly interested in. Recently, for the quartic double well and Sine-Gordon potentials Dunne andÜnsal (see [8] and also references therein) have presented more arguments for this connection, which they call resurgent relation.
In [9] the method and key elements (a non-trivial instanton background and new effective vertices) to calculate the two-loop correction to the tunneling amplitude for the DWP were established. In particular, the anharmonic oscillator was considered in order to show how to apply Feynman diagrams technique. In [10] the Green function in the instanton background was corrected, and it was attempted to obtain two-and three-loop corrections. Finally, Wöhler and Shuryak [11] corrected some errors made in [10] and reported the exact result for the two-loop correction.
The goal of the present paper is to evaluate the three-loop correction to the tunneling amplitude and compare it with the results obtained by Zinn-Justin [12] by a completely different method, not available in the field theory settings.
Three-loop correction to the instanton density Let us consider the quantum-mechanical problem of a particle of mass m = 1 in a double well potential
The well-known instanton solution X inst (t) = η tanh(
ing the barrier tunneling is the path which possesses the minimal action
. Setting ω = 1, and shifting to the origin one gets the anharmonic oscillator potential in a form V anh = 1 2
The classical action S 0 of the instanton solution is therefore large and
is used in the expansion. The ground state energy E 0 within the zero-instanton sector (pure perturbation theory) is written in the form
Another series to be discussed is the splitting of the instanton density δ E = E f irst excited state − E ground state [17] in the one-instanton approximation as
where ∆E = 2 6 S 0 π e −S 0 is the well-known one-loop semiclassical result [2] . Coefficients A n in the series (2) can be calculated using the ordinary perturbation theory (see [15] ) while many coefficients B n in the expansion (3) were found by Zinn-Justin, 1981-2005 (see [12] and references therein), obtained via the so called exact Bohr-Sommerfeld quantization condition.
Alternatively, using the Feynman diagrams technique Wöhler and Shuryak [11] calculated the two-loop correction B 1 = −71/72 in agreement with the result by Zinn-Justin [12] .
Higher order coefficients B n in (3) can also be computed in this way. Since we calculate the energy difference, all Feynman diagrams in the instanton background (with the instantonbased vertices and the Green's function) need to be accompanied by subtraction of the same diagrams for the anharmonic oscillator (see [9] for details). For The instanton-based Green's function G(x, y) should satisfy the standard differential equation of the quantum fluctuations around the classical solution X inst (t), and should also be orthogonal to the translational zero mode [10] . Its form to be used
is expressed in variables x = tanh(
) , in which the familiar Green function e −|t 1 −t 2 | of the harmonic oscillator is
The three-loop correction B 2 (3) we are interested in is given by the sum of diagrams (see Fig. 1 )
complementing 
while for c 4 in Fig. 3 it takes the form
here we introduced notations
. Notice that the c´s diagrams come from the Jacobian of the zero mode and have no analogs in the anharmonic oscillator problem.
Results
The obtained results are summarized in Table I . All diagrams are of the form of twodimensional, three-dimensional and four-dimensional integrals. In particular, the diagrams b 11 and d (see Fig. 2 )
being equal to two-dimensional integrals are the only ones which we are able to calculate analytically
here ζ(n) denotes the Riemann zeta function of argument n (see E. Whittaker and G. Watson J. Zinn-Justin (see [12] and references therein) reports a value of
while present calculation shows that
which is in agreement, up to the precision employed in the numerical integration.
The dominant contribution comes from the sum of the four-vertex diagrams We already noted that individual three-loop diagrams contain irrational numbers. If J.
Zinn-Justin´s rational result is correct, then there must be a cancelation of these irrational contributions in the sum (6) . From (10) we note that the term (b
gives a contribution of order 10 −2 to the mentioned sum (6) , and therefore the coincidence 10 −5 between present result (12) and one of Zinn-Justin (11) is an indication that such a cancelation occurs. Now, we evaluate the coefficients A 1 , A 2 in (2) using Feynman diagrams (see [15] ). In order to do it let us consider the anharmonic oscillator potential V anh = 1 2
and calculate the transition amplitude x = 0|e −H anh τ |x = 0 . All involved Feynman integrals can be evaluated analytically. In the limit τ → ∞ the coefficients of order S −1 0 and S −2 0 in front of τ gives us the value of A 1 and A 2 , respectively. As it was mentioned above the c´s diagrams do not exist for the anharmonic oscillator problem. The Feynman integrals in Fig. 1 give us the value of A 1 , explicitly they are equal to
The diagrams in Fig. 2 determine A 2 and corresponding values are presented in Table I ,
and d = − . Straightforward evaluation gives
which is in agreement with the results obtained in standard multiplicative perturbation theory (see [16] ). No irrational numbers appear in the evaluation of A 1 and A 2 . It is worth noting that (see Table I ) some Feynman integrals give the same contribution,
In the instanton background the corresponding values of these diagrams do not coincide but are very close.
Conclusions and Discussion
In conclusion, we have calculated the tunneling amplitude (level splitting to the instanton density) up to three-loops using Feynman diagrams for quantum perturbations on top of the instanton. Our result for B 2 is found to be in good agreement with that of Zinn-Justin (see e.g. [12] ).
One comment on the results is that the final three-loops answer has a rational value.
However, unlike the evaluation of the two-loop coefficient B 1 where all Feynman diagrams turned out to be rational numbers, in our case of B 2 at least two diagrams contain irrational parts. What is the origin of these terms and how they cancel out among themselves are questions left unanswered above, since several diagrams had resisted our efforts to get the analytic answer, so that we used numerical integration methods. Perhaps this can still be improved.
Another intriguing issue is the conjectured relation between the instanton and vacuum series: at the moment we see no way to see its origin from the path integral settings. Some diagrams are similar, but expressions quite different and unrelated. New diagrams originate from the instanton zero mode Jacobian, and those have no analogues in the vacuum. 
